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Small-Angle Neutron Scattering from Elastomeric Networks. 1.
Calculated Scattering from a Path Containing Several Junctions
in the James—Guth Model

A. Kloczkowski* and J. E. Mark
Department of Chemistry and Polymer Research Center, The University of Cincinnati,

Cincinnati, Ohio 45221
B. Erman

Polymer Research Center, Bogazici University, Bebek 80815, Istanbul, Turkey.
Received February 15, 1989; Revised Manuscript Received April 25, 1989

ABSTRACT: The form factor for small-angle neutron scattering from a labeled path in a phantom network
is evaluated. Calculations are based on the exact form of the James—Guth model. Kratky plots for scattering
from isotropic and uniaxially stretched networks are obtained numerically. Effects of the length of the labeled
path and of the state of deformation on the Kratky plots are investigated. The extent of contributions from
correlations among different chains along the path is estimated.

Introduction

Recent developments in small-angle neutron scattering
(SANS) techniques and their application to elastomeric
networks! have renewed significant interest on the state
of deformation at the molecular level and its relation to
molecular constitution. The power and versatility of the
experimental technique allows for critical assessment of
the various molecular theories of rubber elasticity. Spe-
cifically, the distortion of the shape of a network chain
under external deformation may accurately be measured
and compared with predictions based on molecular models.
Experiments are conveniently performed on networks
containing deuterated chains either end-linked or ran-
domly cross-linked into the network structure. In the first
case, a small number of deuterated chains are end-linked
into the network. Scattering from such networks reflects
the behavior of the single network chain upon macroscopic
deformation. The first calculation of SANS from such a
system is by Benoit et al.,2 where the end-linked deuterated
chain is assumed to deform affinely at all points along its
contour. Scattering from end-linked deuterated chains in
a phantom network has subsequently been calculated by
Pearson® and Ullman.* The problem of scattering from
a deuterated chain randomly cross-linked into the network
structure is more complicated. Cross-correlations of
fluctuations of scattering centers along the path of the
chain are required for the formulation of the form factor.
The first evaluation of the form factor for a deuterated
path in a phantom network has been given by Warner and
Edwards® for the special case of a tetrafunctional network
by using the replica model. Formulation for a phantom
network of any functionality is given by Ullman.? The
more general treatment of Ullman rests on the well-known
James and Guth model’® of the phantom network, which
constitutes a sound statistical model for elastomeric net-
works. Ullman’s formulation of the form factor contains
a simplifying assumption according to which different
chain vectors along the path are uncorrelated. A recent
treatment®!® of the James and Guth model indicates,
however, that different chains along a path in the network
are not uncorrelated. A similar result has been obtained
independently by Higgs and Ball'! using the resistor
network method. These authors studied also the problem
of polydispersity of network chains and performed calcu-
lations of small-angle neutron scattering, but only for affine
models, the replica model, and the polydisperse phantom
network with replica approximation.

The specific aim of the present paper is to generalize the
calculations of Ullman by removing the simplifying as-
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sumption mentioned above and adopting the exact form
of the James—-Guth model.

Model and Calculations

A long deuterated path cross-linked into the phantom
network is depicted by the heavy line in Figure 1. The
filled circles represent cross-links with which the deuter-
ated path is connected to the network. The light lines
denote the undeuterated chains leading to other cross-links
of the network. We assume that the deuterated path
consists of n chains (n = 6 in the figure) of equal path
length. There are n — 1 ¢-functional junctions (¢ > 2)
along the path. We assume that there are N scattering
centers along the full path, with N, scattering centers in
each chain such that N = nN,. For simplicity we assume
that there are no dangling chains at the ends of the path.
Corrections for the dangling chains may easily be intro-
duced as in Ullman’s treatment.

Two scattering centers i and j are shown in Figure 1.
The positions of centers { and j relative to the nearest
cross-link to the left of each is shown by the fractional
distances ¢ and 6 (0 < ¢, 6§ < 1), respectively. The number
of ¢-functional cross-links between : and j is denoted by
d.

The distribution function Q,(r;;) of the vector r;; between
two scattering centers i and j in the undeformed state is
assumed to be Gaussian

Qo(rij) = (3/27!'(7','1'2)0)3/2 exp(-3r,-j2/2(r,-j2)0) (1)

where (r;?), is the mean-square distance between points
¢ and j in the undeformed state, identified by the subscript
Zero.

In the deformed state the distribution function Q(r;)
becomes

Qr;y) = [2m)3(x,) (i) (2172 X
exp(-x,2/2(x; %) = ¥,2/2(y:%) = 2,2 /2(2;%)) (2)

where (x;?%), (y;%), and (z;%) are the mean-square com-
ponents of the vector r;; in the deformed state.

The scattering form factor S(q) from the labeled path
in the network is given by the Fourier transform of the
distribution function Q(r;;) averaged over all pairs of
scattering centers along the path as

N
S(@) =N2X

=1

eiq"fi Q(r”) dl'ij (3)

Here, q is the scattering vector representing the difference
between the incident and scattered wave vectors, k; and
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¢ i
Figure 1. Labeled path (heavy full line) in a cross-linked network.
It is assumed that there are no dangling chains at the end of the
path. The fractional distances { and 6 of 2 points i and j along
the path with respect to their nearest left cross-links are shown.
There are d junctions (cross-links) separating points { and j.

k, respectively, and ¢ = (47/)) sin 8/2, with 8 being the
scattering angle and A the wavelength of radiation.

Substituting the expression for Q(r;;) from eq 2 into eq
3 leads to

S(q) =

N
N'zl,zlexp(—%%xijz) /2= a,2yi%) /2 - ¢,2(z,#) /2) (4)
ij=
where q,, g,, and g, are the components of q.
The vector r;; may be written as

rij = rij + Al'ij (5)

where r;; is the time average of r;; and Ar;; is the instan-
taneous fluctuation of r;; from its time-averaged value.
Squaring both sides of eq 5 and taking the ensemble av-
erage leads to

(ri®) = (A + ((ary)?) (6)

The cross-term (r;+Ar;; ) in eq 6 is equated to zero inas-
much as the means and instantaneous fluctuations are
uncorrelated. The components of the quantities on the
right-hand side of eq 6 are related to the corresponding
components in the undeformed state by the well-known
relations®12

(&) = MNXEA (7)
((Ax)?) = ((Ax)*)
Similar expressions follow for the y and z components. A,

in eq 7 represents the x-component of the principal de-
formation gradient tensor A defined as

A = diag (A, Ay, A,) 8

where \,, A,, and A, represent the ratio of the final di-
mensions oty the network to the corresponding dimensions
in the state of reference.

Using eq 7 in eq 6, the following expression may be
written

(2:2) = NUE o + ((Ax )P =
((Ax;)?)
A2+ (1= A)—— K20 )
(x;%)o

with similar expressions for the y and z components.
In the undeformed state

("ij2)o = n(r) (10)
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where (r?), is the mean-square end-to-end distance for a
network chain between two cross-links (the path consists
of n such chains), and 0 < 5 < n is the fractional distance
between points { and j

n =i~ jl/No (11)

Defined in this way,  represents the ratio of the length
of the contour path between points { and j to the length
of the single chain.

The fluctuations ((Ar)?), in the case when points i and
J belong to the same chain (i.e., there are no cross-links
between points i and j) have been first given by Pearson®
for the James—Guth model with the structure of a sym-
metrically grown tree as

((Ary%o = [n~ 1 - 2/ (12)

where ¢ is the junction functionality. Recently, the results
of Pearson have been generalized,’ and the fluctuations
((Ar;;)?) have been calculated for points i and j separated
by several ¢-functional junctions. The result is

<(Arij)2)0 =
2(¢p-1)
oo~ 2)

[1-1/(6 -1+ (1-2/9)i1-¢) +6(L -

8) — (¢ +0-250)/(¢ - 1] + (n—d)/ (@ - 1)°(r?)o
(13)

Here, d is the number of ¢-functional cross-links between
points i and j and ¢ and 6 are as defined previously. The
fractional distance n between points i and j may be written
as

d+6-¢ i is on the left of j
n = (14)
d+¢-46 i is on the right of j

In the special case of d = 0 and » = |{ - 6], we obtain the
expression (eq 12) given by Pearson. However, the im-
portant difference between eq 12 and 13 is that the latter
expression depends not only on the relative distance be-
tween points i and j but also on their specific locations
along the path. In the case when { =1 and ¢ = 0, points
i and j become two junctions separated by d ~ 2 other
¢-functional junctions. The mean-square vector ((Ar;g)?)
is then obtained as

((Arg)?) = E(¢——1)‘[1 - (¢ - D¥(r?) (15)
T (e - 2) °
a result obtained by Ullman® by a different method.
The expression given by eq 13 for ((Ar;)?) is exact within
the assumptions of the original James—Guth model and
generalizes the previous results of Ullman.#¢ According
to Ullman® the mean-square distance between points i and
J separated by d ¢-functional junctions is

(rg?) = Ara®) + (rd) + (rg?) (16)
where

(ru®) = §(1 = DB + $(r*) am
and

(rg?y = 0(1 = 0)(r?), + 6%(r?) (18)

are mean-square distances between point i and the nearest
(first) ¢-functional junction on the right and between point
7 and the nearest ¢-functional junction (dth junction) on
the left, respectively. Here (r?) is the mean-square end-
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to-end distance for a network chain between two cross-

links in the deformed state, with the x-component equal
to

(x2) = [sz +(1- >\,2)%]<r2>0/3 (19)

The x-component of the mean-square distance (r,4%) be-
tween d ¢-functional junctions is:

(x34%) =
20— 1) (r)o
2 — Y T ey a0
MNd-D+ @ )\’)¢(¢—2)[1 (p - D] 3
(20)

In the case when points i and j belong to the same chain
(they are not separated by ¢-functional junctions)

(ri®y = a1 = n)(rt) + n*(r®) (21)

with 7 = |{ - 6]. Equation 16 is based on the assumption
that correlations (r;;ry4), (r;;'ry;), and (rysry;) are neg-
ligible, since different subchains are randomly oriented.
This assumption might be true for chains separated by
many (d > 1) junctions but seems unjustified for chains
that are neighbors. Since the main contribution to the
scattering form factor S(g) results from the neighboring,
correlated points, it is important to calculate the extent
of contributions from correlations among different chains
to the scattering form factor.

The state of macroscopic deformation for uniaxial ten-
sion is expressed as

Ay @
A= A, = (vg/U)V? a, 12 (22)
AL a_L'l/Z

where || and L represent the directions parallel and per-
pendicular to the direction of stretch, respectively, and «
is the ratio of final length to initial, swollen but undistroted
length. Here vy and v, are polymer volume fractions in
the network in the reference state and during the exper-
iment, respectively, and oo, 2 = 1 according to definition.

Substituting the x-component of eq 13 (identified with
the component along the direction of stretch) into eq 9 and
using the resulting expression in eq 4, with q, = q}, ¢, =
q, = 0, leads to

1 n n 1 1 2

n,-=1n,v=1
2p-1)

————— - ~ 1)Innil
e R VICER VR

(1-2/)[f(1-0) +06(1-6) -
(£ + 6 - 280) /(¢ - Drri] +

(nj+0-n -8 -Inj-ni/(¢- 1)'"""“‘] ]} (23)

8-n;-q+(1-\2

Here
V“ = qH2<r2)0/6 (24)

The double sum over all scattering centers along the path
has been replaced by sums over chains and sums over
scattering centers within a given chain, and the latter have
then been replaced by integrals according to

Lo L e sy oLy fafa
—_— - = — [7]
NZ%i=1j=1  n®Npln=in=1s=iy=1 n2p=1n=1v0 ;j;
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Figure 2. Kratky plot for the unswollen (vg/vs = 1), undeformed
(A = 1) network. The length of the labeled path changes from
one chain (d = 0 cross-links along the path) up to 21 chains (d
= 20 cross-links along the path).

For scattering in the lateral direction, the form factor S(q)
is obtained by replacing || by L in eq 23 and 24.

The expression for the form factor can only be evaluated
numerically. Below, we report results of representative
calculations. These are conveniently presented in the form
of Kratky plots, where the ordinate is ¢2S(g) and the ab-
scissa is g.

Results of Calculations

Calculations have been performed for three different
cases: (a) the unswollen, uniaxially stretched network, (b)
the isotropic deswollen network, and (c¢) the deswollen,
uniaxially stretched network. The term deswollen refers
to the case where the network is formed in solution after
which part or all of the solvent is removed or replaced by
a smaller amount of another solvent. In this case the term
Ugp/Ug In eq 22 is less than unity. Recent experimental
work!%1% by Bastide and collaborators has indicated that,
for networks with labeled paths and deswollen in this
manner, there is a strong maximum in the Kratky plots
in the direction perpendicular to that of the stretching.

The numerical calculations have been performed for
tetrafunctional networks (¢ = 4). It has been assumed that
the unperturbed mean-square end-to-end vector for a chain
between two cross-links is (r?), = 2000 A2 Figure 2 shows
the Kratky plot for the undeformed (A = 1), unswollen
(vgo/ vy = 1) networks with varying length of the path from
d = 0 cross-links along the path (single chain) uptod =
20 cross-links (21 chains). Results of calculations show that
q%S(q) decreases with increase of the path, due to the fact
that correlations between points on different chains de-
crease rapidly as the number of cross-links separating them
increases. The main contribution to the scattering form
factor is by points belonging to the same chain. Since S(g)
is given by the double sum n™2 31, "7 -; and there are
only n terms in the sum when n; = n,, S(g) behaves ap-
proximately as n! for large n. Figure 2 shows that, for
large g (g ~ 0.1 A) when the Kratky plots reach their
plateau, the n'[=1/(d + 1)] dependence of S(g) is well
satisfied. It is to be noted that the Kratky plots for
undeformed, unswollen networks show no maxima with
respect to the scattering wave vector gq.

In Figure 3, Kratky plots for deformed (a; = 4), un-
swollen (vy/v, = 1) networks are shown for the scattering
wave vector parallel to the direction of stretch. The or-
dinate values are less than those corresponding to the
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Figure 3. Kratky plot for the unswollen (vy/v; = 1), deformed
network (o, = 4) for the scattering parallel to the principal axis
of deformation as a function of the number d of cross-links along
the path.
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Figure 4. Kratky plot for the unswollen deformed network (o
= 0.5) for the scattering perpendicular to the principal axis of
deformation as a function of the number d of cross-links along
the path.

undeformed network of Figure 2. In Figure 4, Kratky plots
for scattering perpendicular to the direction of stretch are
presented for o, = 0.5 and vy /vy = 1. The ordinate values
are larger than those corresponding to the undeformed
case. For sufficiently long paths, a maximum is observed
in the Kratky plots. As the length of the labeled path
increases, i.e., the number of cross-links along the path
increases, the maxima of the Kratky plots shift toward
smaller g or toward the long-wave region of the spectrum.
For scattering parallel to the deformation, no maximum
exists even for very large values of g.

Figure 5 shows the Kratky plots for isotropically des-
wollen networks with vg/vy = 0.1, @ = 1. The plots exhibit
maxima in agreement with the experiments of Bastide.}*1

Figures 6 and 7 show the Kratky plots for swollen (vqy/v;
= (.2), deformed networks. For scattering parallel to the
direction of stretch, no maxima is observed (Figure 6),
whereas pronounced maxima are present in the case of
scattering perpendicular to the direction of stretch (Figure
7).

The dependence of the form factor or the Kratky plots
on the length, (r2),1/2, of the network chain is only through
the parameter » as seen from eq 17 and 18. Changing (r?),
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Figure 5. Kratky plot for the isotropically deswollen network
(vga/vg = 0.1, @ = 1) as a function of the number d of cross-links
along the path.
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Figure 6. Kratky plot for the swollen (vy/v; = 0.2) uniaxially
deformed network (o = 4) for the scattering parallel to the
principal axis of deformation as a function of the number d of
cross-links along the path.
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Figure 7. Kratky plot for the swollen (vg9/v, = 0.2) uniaxially
deformed network (o, = 0.5) for the scattering perpendicular to
the principal axis of éeformation as a function of the number d
of cross-links along the path.

therefore changes only the ¢ scale of the plots presented
in Figures 2-7.
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Figure 8. Comparison of the results obtained by using the Ullman
approximation (dotted lines) with the exact solution of the
James—Guth model (solid lines) for a labeled path with d = 20
cross-links along the path, for the scattering perpendicular to the
deformation, from the unswollen network for two values of the
deformation A = 4 («; = 0.5) and A = 1.5 [a;, = 1/(1.5)}/2].

Discussion

Results of calculations of Kratky plots based on the
exact James—Guth model of a phantom network, presented
in Figures 2-7, show satisfactory agreement with the ex-
perimental data of Bastide et al.1®® Specifically, the
presence of maxima in the plots for scattering in the di-
rection perpendicular to stretch and in deswollen networks
indicates that the theory based on the phantom network
model reflects the essential features of the phenomenon.

Figure 8 shows the comparison of our results with Ull-
man’s results based on eq 16-21. As previously we as-
sumed (r?), = 2000 A2 The calculations were performed
for labeled path consisting of 21 chains, i.e., with d = 20
cross-links along the path for scattering perpendicular to
the deformation, for the unswollen network (vy/v, = 1),
for two values of the deformation A = 4 (i.e., o, = 0.5) and
A=15[a, =1/(1.5)"/2]. We see that by using Ullman’s
approximation (dotted lines) we also obtain maxima on
the Kratky plots although this maxima are less pronounced
than for plots obtained using the exact solution of the
James—Guth model (solid lines). For the undeformed
network (A = 1) both Ullman’s and our solutions are
identical. For increasing values of the deformation A the
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difference between the approximate Ullman solution and
our exact solution increases. For deformation A = 1.5 the
maxima on the Kratky plot for scattering perpendicular
to the deformation are so flat that Figure 5 from Ullman’s
paper® might be misleading, suggesting that there is no
maximum at all. For larger A the maxima on the Kratky
plots for scattering perpendicular to the deformation be-
come more distinctive. Since the difference between
Ullman’s results and our results is due to the contributions
from correlations among different chains on the path, it
means that with the increasing deformation the extent of
these correlations also increases.

Calculations based on the phantom network model of
Warner and Edwards® also show maxima in Kratky plots.'?

Effects on Kratky plots or the form factor of intermo-
lecular correlations, present in real networks but not in the
phantom model, are not yet treated in sufficient detail.
Preliminary theoretical work in this direction has been
given by Vilgis and Boué.16
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